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Abstract. In this paper we classify the complex elliptic curves E for which there exist cyclic 
subgroups C < {E,+) of order n such that the elliptic curves E and E/C are isomorphic, 
where n is a positive integer. Important examples are provided in the last section. Moreover, 
we answer the following question: given a complex elliptic curve E, when can one find a cyclic 
subgroup C of order n of (E, +) such that {E, C) ^ ■^^), E[n\ being the n-torsion sub- 
group of E, classifying in this way the fixed points of the action of the Fricke involution on 
the open modular curves YqIu). 

Mathematics subject classification: Primary: 11G07, 11G15, Secondary: 14D22 
Key words: elliptic curve, Fricke involution, modular curve 



1. Introduction 

Let E be an elliptic curve defined over the field of complex numbers C and C be a subgroup 
(not necessarily cyclic) of order n < oo of {E, +). This means that C is a subgroup of order 
n of E[n] where by E[n] one denotes the n-torsion subgroup of E i.e. the set of points of 
order n in E: E[n] = {P G E : [n]P = O}. Let also vr : — > E/C be the natural projection. 
Since C acts effectively and properly discontinuous on E, the group E/C has a structure of 
Riemann variety, compatible with the morphism vr and moreover vr is unramified of degree n: 
degvr = |7r^^(0)| = \C\ = n. It is known that E/C is a complex elliptic curve and that if C 
is cyclic, one has E[n]/C = TL/nTL. 

Denote by 1-i the upper half plane i.e. G C| Im(z) > 0}. One defines the open modular 
curves lo(n) as the quotient space ro(n)/'H that is the set of orbits {ro(n)r : r G "H}, where 
ro(n) is the "Nebentypus" congruence subgroup of level n of SL^i^-, acting on "H from the 
left: 

ro(n) = {(^^ ^ ^ G §L2(Z)| c = O(modn)}. 

Following the notations of [DSJ, an enhanced elliptic curve for V^in) is by definition an ordered 
pair [E^ C) where E is a complex elliptic curve and C a cyclic subgroup of E of order n. Two 
pairs {E, C) and {E', C) are said to be equivalent if some isomorphism E = E' takes C to 
C. One denotes the set of equivalence classes with 

So{n) := {enhanced elliptic curves for To^ri)}/ ~. 

Furthermore, an element of So{n) is an equivalence class [-E,C]. So{n) is a moduli space of 
isomorphism classes of complex elliptic curves and ra-torsion data. 

Denote now by the lattice Z + Zr, t eT-L and by E^. the elliptic curve C/A^. Then one 
has the following bijection: 

So{n) = Yo{n) given by [C/A^, {1/n + A^)] ^ To{n)T (see [DS], Theorem 1.5.1 for details.) 
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In this paper we study the complex elhptic curves E for which there exist cychc subgroups 
C < {E, +) of order n such that the elhptic curves E and E/C are isomorphic, where n is a 
positive integer. We observe that E (and consequently E/C) are CM curves, obviously have 
isomorphic endomorphism rings and hence these points {E,C) with E = E/C are a special 
class of Heegner points on the modular curve Xo(n) = Yq^u) U {cusps}. Very nice examples 
are provided in the last section for the cases n = 2, 3, 5 (and we remark that for p prime 
there are exactly p+1 complex elliptic curves E (up to an isomorphism) which admit at least 
one subgroup C < {E,+) of order p such that ^ ~ i?). We recall that the Heegner points 
of Yo{n) as defined by Birch in }B1] are pairs {E, E') of n-isogenous curves with the same 
endomorphism ring. Heegner was the one introducing them in |Hej while working on the class 
number problem for imaginary quadratic fields and their importance is extensively described 
in the survey |B2j . 

After elementarily studying the above mentioned class of Heegner points, upon imposing 
certain conditions (see Theorem 12.31 and Proposition 12. 4p . given a complex elliptic curve E, we 
answer the question of when there exists C < {E, +) cyclic subgroup of order n of E such that 
{E, C) ~ (g, ^), studying in this way the fixed points of the action of the Fricke involution 

I ^ e GL2(Q+) 

on the open modular curves Yo{n). 

The number of fixed points of the Fricke involution on YQ{n) was computed by Ogg (see 
[Q] . Proposition 3) and Kenku (see [K], Theorem 2) and this number, for n > 3, is z/(n) = 
h{—n) + h{—An) if tt, = 3(mod4) and i'[n) = h{—An) otherwise, where h{—n) is the class 
number of primitive quadratic forms of discriminant —n and z/(2) = z/(3) = 2. 

It is easy to see that a normalizes the group ro(n) and hence gives an automorphism 
ro[n)z I— >■ ro{n)a{z) on Yo{n). It is also easy to check that this automorphism is an involution. 
The following proposition is a known result which we will use throughout the paper and we 
skip its proof (the reader may consult |DRj . section IV), 4.4 or |Huj . Theorem 2.4 and Remark 
5.5 for details): 

Proposition 1.1. The action ofwn on the moduli space So{n) is given by: [E, C] [E/C, E[n]/C]. 

2. Main results 

With the background from the previous section we are ready to classify the complex elliptic 
curves E for which there exist cyclic subgroups C < {E, +) of order n such that the elliptic 
curves E and E/C are isomorphic: 

Theorem 2.1. Let E be a complex elliptic curve determined by the lattice (1,t), t E H . 
Then: 

i) 3C < {E, +) finite cyclic subgroup such that ^ E 3u, v E Q such that t'^ = ut + v 
with A = + 4f < (i.e. E admits complex multiplication) ; 

a) If T satisfies the conditions of i) and u = = ^,U2 0,V2 ^ 0,ui,U2,vi,V2 G 

Z, (ui,M2) = (^1,^2) = l,c?2 = (^2,^2), then: 
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3C < {E,+) cyclic subgroup of order n which satisfies ^ ^ E <(=^ 3{a,b') e with 
{a, h') — 1 such that n — detM, where M is the matrix 

a A 
b B 



M 



and (a, A, b, B) = (a, ^6', ^b\ a + ^6'); 



Hi) The subgroup C from ii) is C— ( """^"^^"^ ); where Wii,ii2i o-f^ obtained in the following 
way: 

Since detM = n and gcd(a, A, 6, B) = 1 (one deduces easily this), the matrix M is arith- 
metically equivalent with the matrix: 



M 

hence 



1 

n 



3U, V e GL^il) such that M^U ■[ J ]-V. 



The elements Mii,M2i are the first column of the matrix 

jj ^ I Mil Ui2 
U21 U22 



Proof. We have that L—Z + Zr and C — (g) < E — ^ cychc subgroup of order n hence 
C — ^^^^ and ng — 0. It follows that ng E L and hence we can write g E C as 

(1) g^ ,Q;i,Q;2eZ. 

n 

Since ord(^) = n it follows easily that gcd(Q;i, 0:2, n) — 1. 

c 

We have that § ~ - = where we denoted by L' = L + Z^f = Z + Zr + Z^f. 

It is known that | ~ 4=> 3A G C such that XL = L'. Consequently Ec^^^^^c^ifr'^ 
3A e C such that 

(2) A(Z + Zr) = Z + Zr + Zg. 
The relation (2) can be studied in the following way: 

"C" Since g is given by (1), from the inclusion "C" one shows that (note that this is not 
an equivalence): 

3a, b,A,BeZ such that 

a+br 



(3) 

"D" The inclusion "5" is equivalent with 



A 

n 

At = ^ 
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1 = aA + (3\t 

(4) 3a, /3, u,v, s,t & X such that <t — uX + vXt 

g — sX + tXr 

By replacing (3) and (1) in (4) we obtain 



(5) 



u 



a+hr 

n 
a+br 



+ (3 
+ v 



A+Bt 



n 

A+Bt 



A+Bt 




□ 

Note that the relation (2) is not yet equivalent with (3) and (5). In order to obtain the 
equivalent conditions for (2) let us look at the inclusion " C" . 
The inclusion " C" means that there exist Oi, 6i, Ci, a2, 62, C2 G Z such that 



(6) 



A = ai + hiT + cig 
Ar = 02 + 62T + C2g 

a — nai + c\a\ 
b — nbi + Cia2 



a+br 
n 

A+Bt 
n 



ai H 
= 02 



biT -i 
\- 62T 



Cl 



ai+a2T 



C2 



and 



A = na2 + C2Q;i 
B ^nb2 + C2OL2 



ai+Q2T 



(7) 




and 



A 
B 



C2ai 

C2a2 



m 



Z 



We obtain that the inclusion " C " is equivalent with the existence of ci, C2 € Z which both 
satisfy (6), i.e. (2) is equivalent with (5) and (6). 

We've obtained that the hypothesis ii^ ~ ^ with C cyclic subgroup of order n is equiva- 
lent with the relations (2) and {ai,a2,n) = 1, i.e. is equivalent with the relations (5), (6), 
{ai, a2,n) ~ 1 and (a + 6r)r = A + Bt. Assume now that these four conditions are satisfied 
and let us replace them with conditions which are easier to be verified. 



Denote by M the matrix 

M = I ? d 1 hence 



M 



detM = in 



a A 
b B 

Z 

nZ 



Ciai C20ii 

Cid2 02(^2 



det Mm 



m 



Z 
nZ 



By using now (5) we obtain dct(M)|n^ and so det(M) = nk,k\n. From (5) we get a = 
= hence k\B. Similarly one obtains k\b, k\A, k\a and hence from the second equality 
of (5) we obtain that k\ai,a2- Since k\n and {ai,a2,n) = 1 we obtain k = ±1, consequently 
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det(M) = ±n. 

We will prove that the relations (5), gcd(Q;i, 0:2, n) — 1 and det(M) = ±n imply (6): 

In did, from (ai, 0:2, n) = 1 it follows that 3/ii, /i2, /is G Z such that /iiai + /i2a2 + /^s^ = 1- 
Choose Ci = Hitt + 1x2b. We then have Cidi = (/^la + H2b)ai = a ■ /IiOi + b ■ /l2«i = 
a(l - /i2a2 - A*3^) + ^ • /^2Si = a + fi2{bai - aa2). 

From (5) we get that t = ""e^M^^ = ""^j^^"^ o,a2 — bai.n. Consequently Ci&i = d, q.e.d. 
Similarly Ci«2 = (/^la + ^2b)c(2 = « ■ A^i^i + & • A^2tt2 = o • A^i^i + &(1 — A^i^i — /J'S^^) = 
b + fii{aa2 — bai) = b, q.e.d. 

Similarly, by choosing 62 = /iiA + /i2-B one obtains the expressions of (6) regarding A, B. 
We have obtained that (6) follows from the relations gcd(Q;i, q;2, n) — 1, (5) and det(M) = ±n. 
Moreover, we can renounce at the first equality of (5) since it can be deduced from the con- 
dition det(M) = ±n: 

In did, if det(M) = ±n we have M ■ M* = det(M) • I2 = (±n)/2, hence the existence of the 
elements a, /3, u, v follows from the existence of the adjoint matrix M*. 

In conclusion, the hypothesis ~ ^ with C cyclic subgroup of order n is equivalent with 
the following four relations: the second equality from (5), {ai,a2,n) — 1, det(M) = ±n and 
(a + bT)T = A + Bt. 

We prove now that we can renounce at the second equality of (5) and at gcd(Q;i, a2, n) — 1, 
by replacing them in the above equivalence with the condition gcd(a, A,b, B) — 1 : 

Let d = gcd{a, A,b, B). From the second equality from (5) we obtain d\ai, d\a2 and since 
d|detM = ±n, it follows that (i|gcd(Q;i, 0:2, n) = 1, i.e. gcd{a, A,b, B) — 1. We have that M 
is arithmetically equivalent with: 



/ a 








[ b 




. 


n / 



M=( I ^ )~( Q ^ j, i.e. 3U, V e SL2(Z) such that 



b B J \0 n 

The second condition of (5) becomes: 

We denote by ^•^^^ = ^^/^ and obtain the equivalent equation 

Viceversa, remark that the second condition of (5) follows from det(M) = ±n and from the 
relation gcd{a, A,b, B) = 1 as it follows: choose s',t' G Z such that {s',n) = 1. Consider the 
matrix {ai 0.2) = {s' nt')-f/*, where U is an invertible matrix from the arithmetically equiv- 
alent decomposition of M. We have that gcd(Q;i, a2, n) = gcd((ai, a2),n) = gcd((s', nt'),n) = 
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gcd(s',n) — 1 and the second equaUty of (5) follows from the previous construction, q.e.d. 



Let us analyze now the condition (a + 6r)T = A + Br. This means that r is algebraic over 
Q and satisfies the second degree equation hr^ = {B — a)T + A (*). 

Let = X'^ — uX — V E Q[X] be the minimal polynomial of r, with u = ^eQ,,v = ^E 
Q,ui,U2,vi,V2 G Z, gcd(Mi,M2) = gcd(fi,W2) — 1 and let ^2 gcd{u2,V2). We identify now 
the coefficients of the equation (*) and of the minimal polynomial of r and obtain: 



^ ^2 hence < \ 



\v2A = vib 
bmce < 

[gcd(vi,'t;2) 



we get that < 
1 \viA 



{(B b j'"2|& 

it follows that < Mil i? — a hence lcm[M2, ^2] |&- 

gcd(lii,'U2) = 1 1 J 1^ 

I we already have V2\b 



(b^[u2,V2]b'^^b' 

Consequently 3b' e Z such that < V2A — vib 

yu2{B — a) — uib 

where ^2 = gcd(w2, 2) and t'^ — ut + v. 



_ U2V2 y 

hence i A ^ ^b' 

B^a + ^b' 



We prove now the equivalence: 

gcd(a, A, b,B)^l <^ gcd(a, b')^l. 

" " Denote by d' = gcd(a, 6')- It follows that d'|gcd(a, A, 6, B) hence i.e. d' = 1. 

" " Let d = gcd{a, A,b, B). Then d\a and since gcd(a, 6') = 1 wc get gcd{d,b') = 1. 
Moreover ^2 = (^2, ^2) so let U2 = d2U2 and V2 — d2V2 with gcd(M2) ^2) = 1. Since d\a and ci|i? 
we have that d\B — a and obtain: 



d\A = 4^6' 



d\B-a 



U1V2U 

d2 " 



u^Vib' hence < dlu^vi 

V2M1&' I 2^1 



M2'y2 = M2'i^2 



If d\u'2, since gcd(M2,t'2) = 1 obtains But gcd(Mi,M2) = 1 and consequently d = 1. 
If d\v2, using the fact that gcd(t'i,V2) = 1 we get that d\u2. Since d\u2 and gcd(Mi,M2) = 1 we 
have gcd{d,Ui) — 1. Consequently d\v2 and since we already have d\u2, we obtain d — 1. 
We prove now that n — det(M) > 0: 

In order to simplify the notations, denote by d :— ^2 and note that (a. A, b, B) — ^a, ^^^b', ^^^b', 



ON SOME SPECIAL CLASSES OF COMPLEX ELLIPTIC CURVES 



7 



We obtain that det(M) = aB - bA = a(a + ^b'^ - (^&') (^&') = + ^ab' - 

viV2ul ,/2 _ f„ , U1V2 u\ ^ _ -"Jfi l,/2 _ viV2ul ,,2 _ f „ , «it)2 7,/\ ^ _ ^1+4^1^2 i/2 _ /^^ i 7,/^ 



2 

3- ) +4^ 

112 ; V2 



y2 = L + ^b'Y - Since A < and M2 ^ 0, 1-2 ^ it follows easily 



that det(M) > 0. 

In order to describe the subgroup C we deduce that: 



ai \ _ ^ I s \ ^ ^ / \ _ / "^11 "^12 1 / -s 



a2 I \ nt' I \ Ci2 ) \ U21 U22 J \ Tit' 



I.e. 



«i = uiis' + Ui2nt' 

"2 = U2lS' + ■U22nt' 



We obtain that: 



«! + ^2^ UiiS' + ■Ui2n)f:' + (m2iS' + U22nt')T 

9 = 



n n 
Uiis' + U2is't + n{ui2t' + U22t'T) s' {uu + U2ir) 



?7, n 

where we denoted by g' — ^^^^ ~'~ 



+ t'(ui2 + U22T) = g' + t'{ui2 + U22r), 



n 

Consequently, C = = L±M. = i^giy gcd(s',n) = gcd(ai, a2, = 1 hence there 

exist a, 6 G Z such that as' + bn = I. It follows that ag' = a ''^""+"^^"^ = (i-fe")("ii+"2ir) _ 
^m±miz _ b{uu + U21T). We have obtained that C = = (7) = (Hulpiz). 

Remark 2.2. For a, 6' fixed integers such that gcd(a, b') = 1 the subgroup C is uniquely 
determined hence we can denote C = Ca,b'- 

Recall now that for E, E' complex elliptic curves and C < {E, +), C < {E', +) cyclic sub- 
groups of order n of E and E' respectively, one has that {E, C) ~ (£", C) <^=^ 3u : E — )• E' 
isomorphism such that u{C) = C. 
The question we want to answer is the following: 

" Let ii^ be a complex elliptic curve. When 3C < {E, +) cyclic subgroup of order n of E 
such that (E, C) ~ (§, ^), where E[n] = {x e E : nx = 0} ?" 

In order to answer this question we will give the following criterion: 

Theorem 2.3. Let E be an elliptic curve defined over C satisfying the conditions of \2.1\ i). 
Then the following are equivalent: 

{3C < (-£',+) cyclic subgroup of order n of E such that {E,C) ~ (§,-^7^)} 

{3{a,b') e with gcd(a,fe') = 1 such that det(M) = n and ra|Tr(M)} 
{3(a, b') e Z^, with gcd(a, b') = 1 such that det(M) = n and = 02(mod?2)}, 
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where M is the matrix from \2. 1\ ii) and Tr(M) the trace of M. 
Proof. We use the notations of 12.11 

Let E = with L = Z + Zr C C lattice and C = {g) < E = subgroup cychc of order 

c 

n, consequently C = :^±^. We have that ^ ^ x+zi" — T+zg ~ "^^ere we denoted by 
L' = L + Zg = Z + Zt + Zg. Recall that f ~ § ^ 3A G C such that XL = L' . 

Let u be defined in the following way: -E = f — > ~ 1/ ~ L+ig isoniorphism, u{z) = Xz. 
Then u{C) = u{^) = A ■ ^ = hldg^. Since XL = V we have that u{C) = = 

' — ~ -L E\n] -i -L 

{Xg, +). But = and consequently = = xtif = l+zg ~ "z7"- obtain that: 

(8) u{C) = ^^L' + ZXg = --L 

C n 

The relation (7) is equivalent to XL + ZXg = - • L X{L + Zg) = - ■ L <^=^ XL' = 
i . L <^ A^L = i ■ L ^ nX'^L = L. Moreover, 



(9) L = nX^L ^ 3Mi G (Z) such that ^^2^ ^ = ■ (^^^^ 

h B ) ^■^ using the relations (3)- ^ \+Bt S^t 

nX^ \ _ ( ai Ai\ (I 
nX^r )~\h^ ^1 / ' V ^ 

nX^T = bi + BiT ^ \b, + B,T = X-iA + Br) ^ \b, + B,t = ('^+M(A+i?r) 

Note that A + i?r = r ■ (a + br), which implies that = {B — a)T + A. By using this 
equation we obtain: 

+ AiT = ^^^^ nai + riAir = + foV^ + 2a6r = + 2a6r + b[{B - a)r + A] = 

(a2 + + 6(a + B)t ^ 

«i = ^ 

^ ^ b(a+i3) 
1 n 

5^ + = {a+br){A+Br) ^ r{a^ ^ _^ ^^^^ ^ ^^^^2 ^ ^ ^ 5)^] ^ 

(a^ + M)r + (a + B){{B - a)r + A) = (a + B)A + (5^ + 6A)r ^ 

^ (a+i?)A 
1 n 

We have that: 



ON SOME SPECIAL CLASSES OF COMPLEX ELLIPTIC CURVES 



9 



a A\ fa A \ _ f + bA A{a 
b B J ' \b B J ~ \b{a + B) 52 - 



B) ^ 




' nai 


nbi \ 


bA 


)H 


V nAi 


nBi i 



It is easy to see that the relation (8) is equivalent to = 02(niodn): 
=^ " We proved above that = n ■ M{ = 02(mod?T.). 

<^= " Since = 02(niodn) we obtain that there exist ai,bi, Ai, Bi G Z such that 



= ( ^".^ ] =n- ML where we denote by Mi = 

y nAi nBi J j ^ 

Since = n ■ M{ and det(M) = we obtain that n? = ■ det(Mi), hence det(Mi) = 1, i.e. 
Ml G 5'L2(Z). From the previous proof we obtain that the relation (8) is satisfied, q.e.d. 

Moreover, from Hamilton-Cayley's theorem we know that 

M^ - (Tr(M)) ■ M + det(M)J2 = O2. 
Since det(M) = n, M G S'L2(Z) and gcd(a. A, b,B) = 1 it follows easily that 

M^ = 02(modn) ra|Tr(M) 

which completes the proof. 

□ 

Proposition 2.4. Let E be a complex elliptic curve satisfying the condition of Theorem \2.1\ 
ij, = Mr + f , M, f G Q, A = + 4f < (i.e. E admits complex multiplication). 

3C < (-£',+) cyclic subgroup of order n of E such that {E,C) ~ (^,^^) only when 

n G {1,2,3, "4^1^ , "^a^^ } and moreover, this is happening only when the following condi- 
tions are satisfied: 

a) The case n = '^'fj^ occurs <^=^ 2d\uiV2. 
This case is realized for b' = ±1 and a = —^^^b'. 

b) The case n = — ^^r— occurs <^==^ 2d J(uiV2. 
This case is realized for b' = ±2 and a = —^^^b'. 

c) The case n = 2 occurs <^=^ ^Id?"^ ~ ^ ^''^^ 2d\uiV2. 
This case is realized for b' = ±1 and a = ±1 — ^^fe'- 

d) The case n = 3 occurs <^==^ ^"^2^"^ = 3 and 2d J(uiV2. 
This case is realized for b' = ±1 and a = ±| — ^^^b' . 

Remark 2.5. For each complex elliptic curve satisfying the condition of Theorem 12.11 i) 
there exists a unique n > 2 for which 3C < {E, +) cyclic subgroup of order n such that 
{E, C) ~ (g, ^). In other words, if for a given n there exist cyclic subgroups of order n of 
E such that {E, C) ~ (g, then for a different integer m there are no cyclic subgroups of 
the same E such that (E, C) ~ (g, ^^). 



f ai Ai\ 
Ui Bi )■ 
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Proof. From the proof of Theorem O we have (a, A, b, B) = (^a, ^b', '^b', a + ^6') 
andn= (^a + ^b'Y - ^b'\ 

From Theorem 12.31 we have that there exist C < (E,+) cydic subgroup of order n of E such 
that {E, C) ~ {§, ^) if and only if n = detM and n|Tr(M) = a + B. 
The relation ?T,|Tr(M) = a + B is equivalent to 

By denoting x = a + ^^^b', (9) becomes 

(11) ^2_!^^/2 I 

If X > 2 then > 2x and consequently the equation (10) is impossible. 
If a; < —2 then > —2x and consequently the equation (10) is impossible. 
We obtain that x G [-2, 2], x = f, m G Z. 

If X = 2, by using the fact that A < 0, (10) becomes 4 - ^^^b'^ \ 4, i.e. b' = 0. Conse- 
quently x = a = 2, n = 4 and (a, b') = (2, 0). But gcd(a, b') = 1, contradiction. 
If X = —2 we obtain similarly that b' = and x = a = —2, hence gcd(a, 6') = 2, contradiction. 
If X = we have that a = —^^^b'. We distinguish two cases: 

I If 2d\uiV2 it follows that b \a. Since gcd(a, 6') = 1 it follows that b' = ±1. 

Since b' = ±1 we have that n = x^ — ^^^^6'^ = — • 
This case is realized for 6' = ±1 and a = —^rr-b'. 

2d 

II If 2d \ U1V2, by using the fact that a = -^b' e Z, we have 2\b' =^ 36" G Z such that 
6' = 26". Consequently a = — ^^6" and since gcd(a,6") = 1 we get that 6" = ±1 hence 
6' = ±2 . 

From 6' = ±2 we obtain that n = x^ — "4^2^ = — "^^i^ . 
This case is realized for 6' = ±2 and a = —^^b'. 

2d 

If X = ±1 then n|2x = a + i? = ±2, consequently n G {1, 2}. 
If = 1 then C is trivial subgroup. 

If n = 2 then n = x" - ^6'^ = 2 ^ -^6'2 = 1 ^ !fM+*^5/2 ^ 



2 



2 / \ 2 

6' 



— 1, hence = ±1, i.e. 



If 2 1 6' then we have the equation 
6' = ±2. 

The equation (*) becomes u{v\ + 4f if = — c?^ and, by using the fact that U2 = du'2 and 
V2 = d - (^2) we obtain that ul{v2)'^ + 4:ViV2{u2y = —1. But a perfect square is congruent to ei- 
ther 0(mod4) or l(mod4), hence from the previous equation — 1 = 0(mod4) or — 1 = l(mod4) 
respectively, contradiction. 

It remains that 2 J(b' . Since a = ±1 — ^^^b' G Z we get 2d\uiV2- The equation (*) becomes 



n = 6'2 



1, consequently 6 = 1. In conclusion n = 2 implies 



2d\uiV2 and ^^2^ = _i. 

This case is realized for 6' = ±1 and a = ±1 — ^^^6'. 
If X = ±1 we have that n\2x = a + B = ±3, hence n G {1, 3}. 
If n = 1 then C is trivial subgroup. 
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If 72 = 3 we have that n = — "4^2'^ = | — &'^|2a; = ±3. The divisibihty occurs if and 

only if ^6'2 = -| ^ 6'2 . ulvl+Av,vW, ^ _^ f^u^^g ^^^^ gi^j^g^ y2 ^ ^ y2 ^ ^ r^^^ 

case 6'^ = 3 is impossible. Consequently, it remains that 6'^ = 1 and -^^^ = —3. 

Since x = ±| we obtain that a = ±| — ^^^b' e Z, consequently 2d \ U1V2. This case is realized 

for y = ±1 and a = ±| - ^6'. 

If X = ±1 then n\2x = a + B = ±1, consequently C is trivial subgroup. 

Vice- versa, if 2d\uiV2 or 2d \ U1V2 one can easily check that there exists n with the properties 
specified in the Proposition. 

The fact that such an n > 1 is unique is also easy to check: 

If 2d\uiV2 and '^l^i^ > 1, there exists C cychc of order n = -^j^r—- 

If 2d\uiV2 and = 1, there exists C cyclic of order 2. 

If 2d f U1V2 and n = "^"^'^ > 1, there exists C cyclic of order n = "^2^^ . 

If 2d f U1V2 and n = ~"^2^^ = 1 we have that "^^^^JT^^^"^ = —1. Since d\u2 and 2 it follows 

that there exist M2,f2 € Z such that U2 = du2 and f2 = (ifg. The equality "^"^^^2^^"^"^ = —1 
means ul{v'2)^ + 4:ViV2{u'2)^ = —1, i.e. {ui{v2)y = — l(mod4), contradiction. Consequently, 
this case is not possible. □ 

3. Examples. The cases n = 2, n = 3 and n = 5 

In this section we classify (up to an isomorphism) the elliptic curves E which admit a 
subgroup C < {E, +) of order either 2 or 3 or 5 such that ^ ~ E'. We recall that complex 

elliptic curves are of the form j for some L = Z + Zr C C where TEG=^^z = x + iy:—^< 
X < I, \z\ > l|. 

Let E be an elliptic curve satisfying the condition of Theorem 12.1( 1). 

E is isomorphic to an elliptic curve E' = j, where L = Z + Zr and t E G. Since an 
isomorphism u : E — > E' is of the type u{z) = A ■ z,A G SL2{'L) one easily obtains that 
E' satisfies the condition of Theorem 12.1( 1). Hence we can assume (up to an isomorphism) 
that E is of the form ^ with L = Z + Zr C C and r E G. Moreover, we observe that if 
T = X + iy E G, from |x| < | and \z\ = + > 1 it follows that y"^ > |. 

Let t'^ — UT — V = , u, V E Q, A = u'^ + Av < and t E G. Then r = ^a/I^ ^^^^^ since 
r G G, we get that — 1 < m < 1 and |A| > 3. 

Since A = + 4f < we have that v < 0. Without loss of generality, we can assume that 
^2 > 0, f 1 < and U2 > 0. By using Theorem 12.11 and these restrictions imposed to r we 
obtain the following results: 

Proposition 3.1. There are exactly 3 elliptic curves E (up to an isomorphism) which admit 
at least one subgroup G < (E, +) of order 2 such that ^ ~ i?. 
// we denote by L = Z + Zr, they are: 
a) E = ^.T^ = -l: 
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Remark 3.2. The Fricke involution W2 of Yq{2) has 2 fixed points and they correspond to 
the cases a) and b); note that z/(2) = 2. 

Proof. From Theorem 12.11 we have: 

(12) 2 = aB-hA=(a + ^A" -"^h- 



2 



2d ) 4c/2 

Since A < -3 we obtain 2 = (^a+^6')'-^6'2 > + V^fo'^ > M^fe'^ > 3|i 

hence 6'^ < |. Since 6' G Z we get that 6' G {0, ±1}. 
If 6' = the equation (10) becomes 2 = a^, absurd 

If V = ±1, the equation (10) leads to 2 > | ■ 

Denote by = ?/ G Z. From the above inequality we get that \y\ < 1. 

I) If y = then U2V2 = 0, absurd. 

II) If y = ±1 then ^ = ±1. 

Since U2 > and ■^2 > we have = 1 U2 ■ ^ = I <^=^ V2 ■ ^ = I. We obtain that 
U2 = ^ = I and V2 = ^ = I, consequently U2 = V2 = d = 1. The equation (10) becomes: 

(13) 2=(a+fyy-f 

Consequently — uit — t>i = 0, ui, vi G X, A = uf + Avi < 0. From t E G and r = ^^V^ 
we get that — 1 < ^^i < 1. Since ui G Z we have that ui G {—1,0}. We distinguish the 
following cases: 

a) ui = 0. 

The equation (12) becomes 2 = — -j = — ^ = — fi. But fi < and vi G Z, 
consequently = —vi = 1 sau = 0, —Vi = 2. 

If = — fi = 1 it follows that = —1 and {a,b') = (±1, ±1) (hence a and 6' are co-primes). 
If = 0, — f 1 = 2 we obtain that = —2 and (a, 6') = (0, ±1) (hence a and b' are co-primes). 

b) Mi = -1. 

The equation (12) becomes 2 = (^a - ^) - A = (^a _ | j _ 
Since 6' = ±1 we distinguish two cases: 

2 



bl) If 6' = 1 we have that 2 = (^a - | j - 8 = (2a - 1)^ - 1 - Avi 9 = 

(2a - 1)2 - 4t;i. 

On the other hand f 1 < — 1 hence the only possibility for the previous equation isvi = —2 and 
2a — 1 = ±1. From Ui = —1 and Vi = —2 it follows that r satisfies the equation + r + 2 = 0. 
Moreover, if 2a — 1 = 1 it follows that (a, b') = (1, 1) (a and b' are co-primes). 
If 2a — 1 = —1 it follows that (a, b') = (0, 1) (a and b' are co-primes). 

b2) If b' = -1 we have that 2 = (^a + - 8 = (2a + 1)^ - 1 - 4t;i 9 = 

(2a + 1)2 - Avi. 

Since vi < —1 we obtain similarly that vi = —2 and 2a-|- 1 = ±1. Since ui = —1 and vi = —2 
we obtain that r verifies the same equation + r -|- 2 = 0. □ 

Remark 3.3. In particular, given a complex elliptic curve E in the form C/ (1, r) such that 
r E G, there are exactly three values of r for which E admits an endomorphism of degree 2: 
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T = i;T = a/— 2; r = ^^^^ , (see [Haj . Exercise 4.12), emphasizing in this way the vahdity 
of our results. 

Proposition 3.4. There are exactly 4 elliptic curves E (up to an isomorphism) which admit 
at least one subgroup C < (E, +) of order 3 such that ^ E. If we put L = Z + Zt, they are: 

a) E=lT' = -2; 

b) E=lT' = -3; 

c) E=lT' = -r-l; 

d) E=^,T^ = -r-3. 

Remark 3.5. The Fricke involution W3 of lo(3) has 2 fixed points and they correspond to 
the cases b) and c); note that z/(3) = 2. 

Proof. By using Theorem 12.1^ 1) we have that: 

Since |A| > 3 we obtain that 3 > ^^b'^ > ffo'^. Consequently b'^ < 4. 

I) If 6'^ = 4 both sides of the previous inequality are equal since 3 = hence A = — 3 
and = 1. Since U2 > and V2 > we get that U2 = V2 = d = 1. Consequently r satisfies 

the equation — UiT — Vi = 0, Ui, Vi E Z, A = ul + 4t>i < 0. From r E G and r = ^\A^[ 
we obtain that — 1 < mi < 1. Since ui G Z we get that ui G { — 1,0}. By using the equation 
A = —3 we obtain that ui + Avi = —3, consequently Ui is odd. It follows that ui = —1 and 
Vi = —1, consequently r satisfies + r + 1 = 0. 

II) If = 1 by using the equation (14) we get that 3 > | ■ 

We denote by = y E Z. Since U2 > and f 2 > we have that y > 0. From the above 
inequality we obtain that y G {1,2}. 

a) If ?/ = 1 we have that U2 = V2 = d = 1. 

Consequently r satisfies the equation — uit — f 1 = 0, Mi, f 1 G Z, A = + Avi < 0. 

Since t E G and r = "^^ '^V^ ^j-^^^^ — 1 < Ui < 1. Since ui G Z it follows that 

ui G { — 1,0}. We distinguish two cases: 

al) If Ml = the equation (14) becomes 3 = — = —vi. On the other hand < 
and Vi G Z, consequently either = l,fi = —2 or = 0,fi = —3. 

If = l,fi = —2 we have that Mi = and Vi = —2. It follows that r satisfies the equation 
= -2. 

If = 0,fi = —3 we have that ui = and vi = —3. It follows that r satisfies the equation 
= -3. 

a2) If Ml = —1 the equation (14) becomes 3 = ^a — |-j — ^A = ^a — |-j — |-(H-4mi) <^=^ 

13 = (2a — b')^ — 4 ■ fi. From 6'^ = 1 we get that 2a — b' is odd. Since f 1 G Z and wi < — 1 we 
obtain that 13 > (2a — 6')^ + 4 and consequently 2a — V = ±1 and Vi = —3. It follows that r 
satisfies the equation + r + 3 = and (a, 6') G {(0, ±1), (0, —1), (—1, —1)} (hence a and b' 
are co-primes). 

b) If y = 2 we have that ^ = 2 hence ^2 ■ ^ = ^2 ■ f = 2. 
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Since U2 > and t>2 > we get that {u2, V2) G {(2, 1), (1, 2), (2, 2)}. We distinguish 3 cases: 

bl) If (m2, V2) = (2, 1) the equation (14) becomes 3 = (^a + ^) - A. 

Since A < -3 we get that a + ^ = and A = -3. Since a + ^ = and 6' = ±1 we obtain 
that ui is even. We have that — — f 1 = 0, r G G and — 1 < ^ < 1. Consequently 
—2 < Ui < 2 and, since Ui is even, it follows that Ui G {—2, 0}. 

If Ui = —2, since A = — 3 we get that -j- + 4t>i = —3 <^=^ Vi = —1. In consequence r 
satisfies the equation + r + 1 = 0. 

2 

If Ui = 0, from A = — 3 we get that ^ + ivi = —3 <^==^ fi = — |, contradiction. 
b2) If (^2, "^^2) = (1, 2) the equation (14) becomes 3 = (a + uib')"^ — A. 
Since A < — 3 we get that a + Uib' = and A = —3. We have that — UiT — y = 0, r G G 
and — 1 < ui < 1 hence Ui G {—1,0}. 

If Ui = —1, from A = —3 we get that uf + 2vi = —3 <^==^ vi = —2. Consequently r satisfies 
the equation + r + 1 = 0. 

If Ml = 0, from A = —3 we get that uf + 2vi = —3 <^=^ 2vi = —3, contradiction. 

b3) If (m2, ^^2) = (2, 2) the equation (14) becomes 3 = (a + ^ j - A. 

Since A < -3 we obtain a + ^ = and A = -3. Since a + ^ = and 6' = ±1 we get that 
ui is even. From t E G and — — y = we obtain that — 2 < ui < 2. Since ui is even 
we get that ui G {—2, 0}. 

2 

If Ui = —2, from A = —3 it follows that ^ + 2vi = —3 <^==^ Vi = —2. In conclusion r 
satisfies the equation + r + 1 = 0. 

If Ml = 0, from A = —3 we obtain that ^ + 2^1 = —3 <^=^ Vi = — |, contradiction. 

Ill) If 6'^ = the equation (14) leads to 3 = a^, contradiction. □ 

We also obtain the following: 

Proposition 3.6. There are exactly 6 elliptic curves E (up to an isomorphism) which admit 
at least one subgroup C < (E, +) of order 5 such that ^ E. If we put L = Z + Zr, they are: 

a) E=lT^ = -l; 

b) E=lT' = -A; 

c) E=It' = -5; 

d) E = ^,T^ = -T-3; 

e) E = lT' = -r-5; 

f) E = lr^ = -r-l. 



Remark 3.7. The Fricke involution of lo(5) has 2 fixed points and they correspond to 
the cases c) and f); note that z/(5) = h{—20) = 2. 

Proof. We use the same reasoning as in the Propositions 13.11 and 13.41 hence the proof is left to 
the reader as an exercise. □ 

Remark 3.8. Given a prime number p, there are exactly p + 1 complex elliptic curves E 
(up to an isomorphism) which admit at least one subgroup C < {E, +) of order p such that 
^ ~ i?. Note also that given a prime number p, there are p + 1 unramified coverings of degree 
p of a (complex) elliptic curve. 
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